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Abstract 

We discuss the class of "Quadratic Normal Volatility" (QNV) models, which have drawn much 
attention in the financial industry due to their analytic tractability and flexibility. We character- 
ize these models as the ones that can be obtained from stopped Brownian motion by a simple 
transformation and a change of measure that only depends on the terminal value of the stopped 
Brownian motion. This explains the existence of explicit analytic formulas for option prices 
within QNV models in the academic literature. Furthermore, via a different transformation, 
we connect a certain class of QNV models to the dynamics of geometric Brownian motion and 
discuss changes of numeraires if the numeraire is modelled as a QNV process. 
Keywords: Local volatility. Pricing, Foreign Exchange, ODE, Change of numeraire, Follmer 
measure 
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1 Introduction and model 

Quadratic Normal Volatility (QNV) models recently have drawn much attention in both industry 
and academia since they are not only easily tractable as generalizations of the standard Black- 
Scholes framework but also can be, due to their flexibility, well calibrated to various market sce- 
narios. In this note, we focus on associating the dynamics of QNV processes to the dynamics of 
Brownian motion and geometric Brownian motion. These relationships reveal why analytic for- 
mulas can be (and indeed have been) found for option prices. However, we shall abstain here from 
computing explicit option p rices implied by a QNV model. Formulas for these can be found for 



example in I Andersen 



(1201 ih 



More precisely, after introducing QNV models in this section and providing an overview of 
the relevant literature, we show in Section [2] how QNV models can be obtained from transforming 
a stopped Brownian motion. In Section [3] we work out a connection between a certain class of 
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QNV processes and geometric Brownian motion and in Section |4] we formalize the observation 
that QNV models are stable under changes of numeraires. Section [5] contains some preliminary 
results on semi- static hedging within QNV models and Section [6] provides an interpretation of 
the strict local martingale dynamics of cert ain QNV processe s as a possibility of a hyperinflation 
under a dominating measure, in the spirit of ICarr et alj (|2012|) . The appendix states an application 
of FoUmer's measure, which we shall use in some of the sections. 



Model 

If not specified otherwise, we work on a filtered probability space T , F, Q), equipped with a 
Brownian motion B. We introduce a process Y with deterministic initial value Iq = Z/o > 0, 
whose dynamics solve 



dFi = (eiF,2 + e2Ft + e3)dSi, 



(1) 



where ei, 62, 63 G M. Problem 3.3.2 in McKean ( 19691) yields the existence of a unique, strong 
solution to this stochastic differential equation. We define S as the first hitting time of zero by Y 
and shall also study a stopped version X of F, defined by X := Y^ . 

Clearly, the dynamics of Y and X strongly depend on the parameters ei, 62, 63 in the quadratic 
polynomial P{z) := e\z^ + 62^ + 63 appearing in ([T])- We shall say that Y {X) is a (stopped) QNV 
process with polynomial P. The most important special cases are 

• ei = 62 = corresponding to standard Brownian motion, 

• ei = 63 = corresponding to geometric Brownian motion, 

• 62 = 63 = corresponding to the reciprocal of a three-dimensional Bessel process. 

Feller's test for explosions directly yields that Y does not hit any real ro ots of P (except if 
P(yn) = 0, in which case Y = i/q would just be constant); see Theorem 5.5.29 of lKaratzas and Shreve 
(|199l[) . The roots of P in ([1]) determine whether F is a true Q-martingale or a strict Q-local mar- 
tingale: 

Proposition 1 (Martingality of QNV processes). The QNV process Y is a true martingale if and 
only if ei = or if P has two real roots ri < r2 with G [ri, r2]. The stopped QNV process X is 
a true martingale if and only ifci = or P has a root r with Xq = yo < r. 

The proposition is proved in Section HI 



Relevant literature 

An incomplete list of authors who study QNV models in various degrees of generality consists of 



Radv and SandmannI (Il994l) . iRadvl (Il997h . i Miltersen et al.l (Il997h . iGoldvsl (Il997h . Ilngersofl 



(119971) . and lLiptonI (120011) who study the case when X is bounded and thus a true martingale 
for Foreign Exchange and Interest Rate markets; 



Albanese et al.l (|2001h andlLi ptonI (|2002|) . who derive prices for European calls on X in the 



case when P has one or two real roots; 



2 



Zuhlsdorffl (1200 iL l2002h . lAndersenI (1201 ih . and IChiband (1201 ih who compute prices for 
European calls and puts in the general case. 

Most of this research focuses o n deriving a nalyti c expressions for the valuation of European- style 
contingent claims. We refer to lAndersenI (1201 lb for the precise formulas of European calls and 
puts. In the following sections, we shall derive purely probabilistic methods to easily compute the 
price of any possibly path-dependent contingent claim. 



2 Connection to Wiener process 



Blumanl (Il980l Il983b . ICarr et al.l (l2002h andlLiptod tOOlh prove that the partial differential equa 



tions (PDEs) corresponding to the class of QNV models are the only parabolic PDEs that can be 
reduced to Wiener processes via a certain set of transformations. In this section, we derive a prob- 
abilistic equivalent while, in particular, paying attention to the issues of strict local martingality. 
More precisely, we shall see that if one starts on a Wiener space equipped with a Brownian motion 
W, is allowed 

1 . to stop Wata stopping time r, 

2. transform by a strictly increasing smooth function /, and 

3. to change the probability measure with a density that only depends on Wf on J't, 

then /{W^) is under the new measure a QNV process up to time r, given that it is a local martin- 
gale. 

We start with a simple technical observation: 

Lemma 1 (Necessary condition for path-independence of integrals). Let t be a stopping time of 
the form 

T := inf{t > : Wi ^ ix,z)}, inf := oo 
for some x G [— oo, 0) and z G (0, oo]. Let h : {x, z) ^ M denote a continuous function such that 



f 

Jo 



h{Ws)ds = h{t, Wt[ 



on {t > t} for some measurable function h : [0, oo) x {x,z) (—00,00). Then, h{- 
some C e^. 



(2) 

Cfor 



Proof. Assume that ^ holds but h is not a constant. Then, there exists some e > and some 
y E {x + e, z — e) such that \h{y) — /i(0)| = 5e, without loss of generality y E (0, 2; — e). Now, 
define y := inf{|/ G [0,^) : \h{y) — h{Q)\ > 5e}. Assume, again without loss of generality, 
h{0) = and h{y) = 5e > 0. Observe that there exists some 6 G (0, min(— x, e)) such that 
\h{y) I < e for all y with \y\ < 6 and h{y) > At for all y with \y — y\ < 5. 

Now, fix T > and observe that the event {|lVt(a;)| < 5 for alH G [0,T]} has positive 
probability and thus, \h{x)\ < Te for all x with \x\ < 5. However, the event 

{-5 <Wt{uj) <y + 5 for all t G [0, T]} -5< Wt{u) < y + 5 for alU G [O.IT, 0.8T]} 
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p|{|Wt(a;)| <5foralHG [0.9T,T]} 



also has positive probability implying h{x) > (—5 ■ 0.1 + 4 ■ 0.7 — 5 • 0.1 — 1 ■ 0.1)eT > eT for 
all X with |x| < 5, leading directly to a contradiction. □ 

The next lemma relates the solution of three ODEs to each other: 

Lemma 2 (Three ODEs). Fix C, d, fo E R and /X-, /i+ G [—oo, oo] with yU_ < < yU+ and let 
fi : —7- M solve the ODE 

— /i^(a;) = C, /i(0) = /iQ. (3) 

Then f, g : — i- M defined by 



d exp ^ n{z)dz^ dy + /o, 



g{x) := exp - / /i(2;)d2; (4) 



solve the ODEs 



fix) = eifix) + e2f{x) + 63, /(O) = fo; (5) 
-/(x) = Cg{x), g{0) = 1, g'{0) = -/io, (6) 

respectively, for appropriate 61,62,63 G M. 

Proof. The ODE in ([61) can be checked easily. For ([5]), first consider the cas e /Xn = —C. The 
unique ness of solutions to ^ yields /i = Ho', see for example Section 8.2 in iHirsch and Smale 
(Il974h . If /io ^ then f{x) := d(exp(2/iox - l)/(2/io) + fo and if /iq = then f{x) = dx + fo 
satisfy both (|5]). Consider now the case /ig 7^ — C* and observe that by a similar uniqueness 
argument again this implies /U^(a;) 7^ — C for all x G (/i-, We obtain that 



Therefore, /(x) = d{^{x) — /io)/(/io + C*) + /o^ which clearly satisfies ([5]). □ 
The next lemma provides the full set of solutions for the ODEs in (|5]) and Q: 

Lemma 3 (Solutions of ODEs). For any 61,62,63, fo the ODE in ([5]) has a unique solution f 
defined in a neighborhood around zero (up to an explosion) and defined by 

/^(^) := Ij;^ = eJix) + I (7) 

satisfies ^ with jio = ei/o + 62/2 and C = 6163 — 61/4. Moreover, with P{z) = 6iz^ + 62Z + 63, 
the solutions for g as defined in dH) and f are 



4 



• i/ei = 0; 

g{x) = exp{-e2x/2), 



f{x) = ( /o + — 1 exp(e2a;) - — or f{x) = e^x + /o {if €2 = 0); 

V 62/ 62 

i/P /ia5 a double root (atr — — 62/261 j or equivalently ifC — and 61 ^ 0; 

5f(a;) = 1 - yUoa; = 1 - (^Ci/o + y j x, 



\ 2ei/ 1 - (ei/o + 62/2)0; 2ei' 

j/P has two roots (at ri = (—62/2 — \/—C)/ei and r2 = (—62/2 + \/—C)/ei) or equiva- 
lently ifC<0 and 61 7^ 

- and additionally fo e (ri A r2, ri V r2) or equivalently fiQ G (— V— C, V— C); 

cosh {y/^X + c) _ cosh (\/6i/4 - 6163X + 



^(^) 

cosh(c) cosh(c) 



fix) = ^^tanh (V^x + c) -^^ ^^3ZiE^tanh ( ./^/i^sx + c] - ^ 
61 \ / 26i 61 \ V J 2ei 



with 



c :— artanh ( , ^ = - log ( , ^ — : 

- anrf additionally fo ^ [ri A r2, ri V r2] or equivalently /Iq ^ [— V— C, V— C]; 

_ sinh (v^x + c) _ sinh (^61/4 - 6163X + 
" " ^i^h(^) ' 

= ^^coth (V^x + c) - ^ = ^^/3ZiE^eoth ( J el/4 - e,e,x + ^ - ^ 

61 \ / 26i 61 \ V / 26i 



c :— arcoth = - log 



- and additionally fo G {ri A r2, ri V r2} or equivalently iiq G { — V— C, \/— C}; 

c/(a;) = exp(-//oa;), 

= /o; 
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if P has no real roots and is not constant or equivalently ifC > 0: 
cos (^^/Cx + cj cos ^a/ 6163 — el/Ax + cj 



cos C COS c 



f(x) = — - — tan ( — V Cx + c] — = — - — — tan ( —\/ 6163 — eVAx + c ) — 

ei V / 2ei ei V v / 2ei 



wzY/z c := arctan ^— /io/"\/C* 



Proof. The existence and uniqueness of soluti ons of the OD E in dS]) follow from standard argu- 



ments in the theory of ODEs; see Section 8.2 in lHirsch and Smale (.1974.) . The fact that yU satisfies 



the corresponding ODE and the other statements can be easily checked. □ 

Later on when studying changes of numeraires, we shall need the following observation: 

Lemma 4 (Reciprocal of a solution /). For any solution f of ([5]), define f := 1//. Then, f solves 
the Riccati equation 

fix) = -esfix) - e,fix) - d, /(O) = f,'. (8) 

Iff! and g are defined as in ^ and dH), then g = g f / fo (up to an explosion of f), where g is as in 
(HI). In particular, ify is an explosion time of f then lim^-^j^ g{x)f{x) exists and is real. 

Proof. Observe that f'{x) = —f'{x) / /^(x), which directly yields ([8]). Now, Jl = jj, — /'/ / implies 

f r ^ \ f r f'{z) \ g(x)f(x) 

'g{x) := exp — / /i(z)dz = (7(0;) exp / — — — d2; — 



V Jo / \Jo fiz) J fo 

This completes the proof since 'g again satisfies an ODE as in ^ and thus has no explosion. □ 

The description of the solutions of the ODEs in ^ and ^ is the fundamental step to prove the 
following theorem which characterizes QNV processes as the only local martingales that can be 
simulated from stopped Brownian motion by a certain set of transformations: 

Theorem 1 (QNV process and Brownian motion). Consider the canonical filtered probability 
space {Q, F, P), where f2 is the space of continuous paths W taking values in M and P is 
the Wiener measure. Denote by f : ^ [—00,00] a measurable function that is three times 
differentiable in A := {x G M : \f{x)\ < 00}, which is assumed to be open, and satisfies 
f'{x) 7^ Ofor all X E A and by g : [0, 00) x M — [0, 00) a measurable function with g{0, 0) = 1. 
Define the stopping time r by 

r := M{t >0:Wt^A}, inf := 00 

and assume that the process Z = {Zt}t>o defined by Zt := 'git A r, W^) is a martingale. Consider 
the process Y = {Yt)t>o, defined by Yt := f(W^) for all t > 0, and assume that it is a local 
martingale under the probability measure Q defined on Tt by dQ/ dP|jFj = Zt. 
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Then, Y under Q satisfies 



dYt = (eiF,2 + esFi + e^)dBt (9) 

for all t > for some ei, 62, 63 G M and Q-Brownian motion B; to wit, Y is a QNV process. 
Furthermore, the corresponding density process Z is of the form Zt = exp{Ct/2)g(W[) for all 
t > for the functions g explicitly computed in Lemma \3\ where C G M as in Lemma \3\ 
Conversely, for any 61,62,63 G M there exist f, g, Q with the corresponding Q-Brownian motion 
B as above so that ©/or Yt = fiWt) holds. 



Proof . By the martingale representation theorem (see for example Theorem III.4.33 of lJacod and Shiryaevl . 



20031) and by the fact that zero is an absorbing point of the martingale Z there exists some pro- 
gressively measurable process fl = {jl)t>o, such that the dynamics of Z can be described as 
dZt = —ZtjltdWt for all t > 0. Then, by Girsanov's theorem, the process B = {Bt)t>o defined as 



Bt := Wt + /o jlsds for alH > is a Q-Brownian motion; see page 192 in iKaratzas and Shrevd 



(1991). 



Ito's formula yields 

dYt = dfiWt) = f'{Wt)dWt + lf"{Wt)dt = f'{Wt)dBt + (^^nWt) - f'{Wt)fi^ dt (10) 
for all t < T. Thus, by the uniqueness of the Doob-Meyer decomposition (see Theorem III. 16 in 



Protterl . 120031) . we have fit = yu(W^t) for all t < r, where we have defined 



for all X G A. By the assumption on /, the function /i is differentiable in A. 
Then, another application of Ito's formula yields 

\og{g{Wt)) = - j\{Ws)dWs - \ ^\\W,)ds = -viWt) + ^ £ {fi'iW,) - fi\Ws)) ds, 

on {r > t}, where r] : A ^ (— c>o, 00) is defined as ?7(x) = jj,{y)dy for all x E A, which 
we from now on assume to be convex, without loss of generality. Then, Lemma [T] yields that /i 
satisfies the ODE of Q in A. Lemma [21 implies that / solves the ODE of dS]); in conjunction with 
(flOl) . this yields Applying Lemma [21 moreover gives that Z is necessarily of the claimed form. 

Finally, Lemma[3l shows that for any quadratic polynomial P there exists a differentiable func- 
tion / such that /' = P{f). Thus, to prove the last part of the statement it is sufficient to show 
that the corresponding changes of measure exist, that is, to show that the functions g computed 
in Lemma m satisfy ¥F[g{W[) exp(Ct/2)] = 1 for the corresponding C G M. This is clear in 
the cases ei = and C > since g{W[) eyi-p{Ct/2) then is either a stopped P-(geometric) 
Brownian motion or a bounded P-martingale by Ito's formula. By remembering the definitions 
sinh(x) := (exp(x) — exp(— a;))/2 and cosh(x) := (exp(x) + exp(— x))/2 and thus being able 
to write g{W[) exp(Ct/2) as the sum of two true martingales in the case of two roots, we con- 
clude. □ 
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The next corollary concludes this section by illustrating how expectations of path-dependent 
functionals in QNV models can be computed. Here and in the following, we shall always assume 
oo • 1a (i^) = if a; ^ y4 for any A G J-', for sake of notation. 

Corollary 1 (Computation of expectations in QNV models). Fix T > and let /i : C([0, T], M) — >■ 
[0, oo] denote any nonnegative measurable function of continuous paths. Then, there exist functions 
f, g, a real number C, and a stopping time r as in Theorem\l\such that 



E[M(yi)ie[o,T])]=E 
E[/i((X,)te[o,r])] = E 



h {{f{Bt))t&io,T]) l{r>T}exp 



CT 



h ((/(5f))te[o,T]) l{.>TA5}exp (^llAR 



9iB^) 



where as before Y (X) denotes a (stopped) QNV process, B = {B 
motion, and S the first hitting time of zero by the process f{Bt). 



t t>o 



a standard Brownian 



Proof. The statement follows directly from Theorem [TJ first for bounded h and then for any 
nonnegative h by taking the limit, after observing that {r > T} = {g(B^) > 0} and that 
= g{BT) on the event {r > T}. □ 

Let us use the notation Bj, := min^gp^T] Bt and Bt := maxtg[o,T] Bt. Then, the event Ei : = 
{r > T} can be represented as events of the form {/^ < Bj. < Bt < /"*"} for some /~, /+ e 
[— oo, oo]. More precisely, with the notation of Lemma [3l assuming, without loss of generality, 
that /io > 0, 



if ei = or C < and fio G [-V^, V^] then Ei 
if ei ^ and C = then Ei = {Bt < l//io}; 



• if ei ^ and C < and /iq ^ [-V^, V^] then E^ = {Bt < -c/v^}; 

• ifC >0thenEi = {{c-n/2)/VC <Bt<Bt< (c + 7r/2)/VC}. 

The events E2 := {r > T A S} have the same representation with B always replaced by B^ . It 
can easily be checked that £'2 = if the polynomial corresponding to X has a root greater than 
/o. These considerations illustrate that for any QNV model, quantities of the form E[/i(Fr)] or 
E[/i(X2-)] can easily be computed by using only the joint distribution of Brownian motion together 
with its running minimum and maximum. 



3 Connection to geometric Brownian motion 



We now focus on the case when F is a QNV process with a polynomial P that has exactly two real 
roots ri, r2. For that, we parameterize P as P{z) = ei{z — ri){z — for some ei G M \ {0} and 
ri, r2 G M with ri < r2. 

In the following, we shall connect the dynamics of a QNV proces s to ge ometric Brownian 
motion. This link has been established for the case j/o G (ri, r2) in lRadyl (|l997h . 
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Theorem 2 (QNV process and stopped geometric Brownian motion). Fix T > 0. Let h : C( [0, T] , K 

[0, oo] denote any measurable nonnegative function of continuous paths. If Y is a QNV process 
with polynomial P{z) = ei{z — ri){z — for some ei G M \ {0} and ri, r2 G M with ri < r2, 
then 



E[/.((F,)te[o,T])] 



yo - ri 
r2 - ri 



E 



h 



r2 - riZt 



te[o,T] ) 1{Zt7^i} (1 - Zt) 



(11) 



where Z denotes a (possibly negative) geometric Brownian motion stopped upon hitting 1 with 

Zq = (yo - r2)/{yo - ri) and 



dZ, 



ei(r2 - ri)<lBt 



(12) 



for all t > 0, where B = {Bt)t>Q denotes some (possibly stopped) Brownian motion. 
Proof. Define two processes M = {Mt}t>o and N = {Nt}t>o by 

^0 - n ^ X J r2- riZ. 



r2 - ri 



Zt) and Nt 



Then M is a nonnegative martingale started in one and thus, defines a new measure Q by 
MrdQ. It is sufficient to show that under Q has the dynamics of Y . First, we observe that MN 
is a Q-martingale up to the stopping time S^^, defined as the fi rst hitting time of zero by M. There- 
fore, is a Q-local martingale; see also Proposition 2.8(ii) in lCarr et alj (|2012|) . Furthermore, we 
observe that by Ito's formula 



r2 - ri 
1 - Z,Y 



{r2-rrYZl 
fl - Z,Y 



dt = e\[N,-r^)\Nt-r2fdt. 



Thus, is a local martingale under Q with the same quadratic variation as X. This implies that the 
distribution of X under Q is the same as the one of X under Q, which proves the statement. □ 

We observe that the process Z is negative if and only if G (ri, r2), exactly the case treated 
by lRadyl (Il997h . In that case Z is not stopped as it never hits 1. It is also exactly this case when Y 
is a true martingale; compare Proposition[T] Indeed, using h{iS) = ut in (fTTl) shows that 



yo - fi 



r2 - ri 
Z/o - (z/o - "fx 



E [(r2 - riZT)l{ZT5^i}] 



r2 - ri 



;E [(r2 - nZr)] - (r2 - r,)Q{ZT = 1)) 



1) 



which equals yo if and only if yo G (ri, r2). 

Remark 1 (Connections to the reciprocal of the three-dimensional Bessel process). It is well-known 
that the reciprocal Y of the three-dimensional Bessel process defined by the dynamics dYt = 
—Y^dBt for alH > is distributed as the reciprocal of a stopped (upon hitting zero) Brownian 
motion started in 1 after a change of numeraire. To see the connection to the last proposition, 
consider the case of a QNV process Y with polynomial P{z) = z{z — r2) where < r2 < 1 = ?/o- 
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Then, as r2 tends to zero, the dynamics of Y resemble more and more the ones of Y. Now, define 
Z as in (fT2l) stopped when hitting 1 and observe that 



1-Zi 1 / , X f rU 

= — I 1 - (1 - r2) exp I r2Bt - - 

r2 r2 



1 - (1 - rs) exp r2Bt - ^ ] ] = 1 - Bt + 0{r2 



by a Taylor series expansion. Therefore, as r2 gets closer to zero, the argument of h on the right- 
hand side of (fTTI) tends to the reciprocal of a Brownian motion started in 1, exactly as we would 
expect. □ 



4 Closedness under changes of measure 

We recall the process X defined as X := Y^, where S denotes the first hitting time of zero by Y. 
In particular, X is a nonnegative Q-local martingale. In Appendix lAl we discuss the construction 
of a probability measure Q with the local density process X. The measure Q has the financial 
interpretation of the change of risk-neutral dynamics if the numeraire changes. In this section, we 
study this change of measure for stopped QNV processes and observe that the class of stopped 
QNV processes is stable under changes of numeraires, a feature which makes QNV processes 
attractive as models for foreign exchange rates. 

We start with a simple observation that is related to the statement of LemmalU 

Lemma 5 (Roots of quadratic polynomial). We consider the polynomial P{z) := e\z^ + e2Z + 63 
of SectionUjand its counterparty P{z) := —z'^P{l/z) = —e^z^ — e2Z — ei. They satisfy the duality 
relations 

• P only has complex roots if and only if P only has complex ones; 

• P has zero as root if and only if P{z) = describes a linear equation, and vice versa; 

• P has zero as a double root if and only if P is constant, and vice versa. 

Proof. The statement follows from simple considerations such as that if r G M \ {0} is a root of P 
then 1/r is a root of P. □ 

Lemma [5] yields the next proposition, which shows that the QNV property is stable under a 
change of numeraire. In this context, we remind the reader of dS]), which we shall utilize on in the 
next section. 

Proposition 2 (Closedness under change of numeraire). QNV processes are closed under a change 
of numeraire. That is, the process X := 1/X is again a stopped QNV process, now under the 
probability measure Q, which is defined as in Theorem\3\as the Fdllmer measure corresponding to 
X as underlying, with polynomial P^{z) := —e^z^ — e2Z — ei. More precisely, under a change of 
numeraire 

( i) QNV processes with complex roots are closed; 

( ii) QNV processes with two real non-zero roots are closed; 
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( in) QNV processes with a single root at zero are dual to shifted geometric Brownian motion; 



( iv) Non-constant QNV processes with a double root at zero are dual to ( constantly time-changed) 
Brownian motion. 

Proof. The reciprocal X of X is by Theorem [3] a Q-local martingale. Using a localization argu- 
ment and computing its quadratic variation then yields that it is a QNV process, now with poly- 



nomial P^; see also Subsection 2.3 and, in particular. Proposition 4 in ICarr et al.l (|2012|) . The 



statements in (i) to (iv) follow from Lemma [51 □ 

We now are ready to give a simple proof of Proposition [H stated in the introduction: 

Proof, (of Proposition [T]) For the stopped QNV process X, strict local martingality is equivalent 
to Q(X = 0) > for the probability measure Q and the stopped Q-QNV process X introduced 
in Proposition [2l see Theorem [3l We now observe that Q(X = 0) > is equivalent to ei 7^ (as 
otherwise is a root of P^) together with the condition that all roots of are greater or equal 
than 1/yo. The last condition is equivalent to the condition that all roots of P are smaller than y^; 
see Lemma |5l 

If ei = then Y is either constant or Brownian motion (if 62 = 0) or F := Y + 63/62 is 
geometric Brownian motion (if 62 7^ 0) . In both cases, it is clear that F is a true martingale. If 
yo lies between two roots of P then Y is bounded, thus a martingale. For the reverse direction, 
assume that F is a martingale and that 61 7^ 0. Then, there exists a root r > y^of P since otherwise 
X = Y^ is a strict local martingale. Denote the second root of P by r and define the QNV process 
Y := r — Y with polynomial P^ (z) = —eiz{z — (r — r)). It is clear that Y is again a martingale 
and thus, by the same argument r — r > Yo = r — yo, which yields the statement. □ 



5 Semi-static hedging 

In the following, we present an interesting symmetry that can be applied for the semi-static repli- 
cation of barrier options in certain parameter setups as we discuss below. 

Proposition 3 (Symmetry). We fix T > and assume that X is a stopped QNV process with a 
polynomial of the form P{z) = az^ /L + 62-2 + aL and Xq = L for some L > and a, 62 G R. 
Let h : [0, 00] — )■ [0, 00] denote some measurable nonnegative function satisfying h{0) = and 
h{oo) G M. We then have the equivalence 

and the identity 

" (^) 

In particular, by using h{x) = lx>olx<oo> we obtain 

E[Xt] = LQ{Xt > 0) 







Xt 


= E 











(13) 
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and by replacing h{x) by h{x)lx>i, 



E 



h 



{Xt>L} 



E 



h 



L 



X 



T . 



L 



4Xt<l} 



(14) 



Proof. We observe that Z defined via Zt := Xt/L for alH > is a stopped QNV process with a 
polynomial of the form P{z) = az^ + 62-2 + a and Zq = 1. Thus, we can assume, without loss of 
generality, that L = 1. Now, Theorem [3] yields with H = h^Xx) / Xt1{Xt>o} that 



E [h (Xt)] = E^ 



Xt 



E 



h 



1 

Xx 



X' 



T 



where the second equality follows from observing that \/X has the same distribution under Q as 
X has under Q; see Proposition |2l This shows (fT3)) and the other parts of the statement follow 
directly from it. □ 

Remark 2 (Alternative proof of Proposition [3]). The last statement can also directly be shown 
without relying on the change of measure technique of Theorem [3l For this, we again assume 
L = 1 and define the sequences of processes X" (X^/") by stopping X as soon a s it hits n (1/n) 
for al l n e N. We then observe that Girsanov's Theorem (Theorem VIII. 1.4 of iRevuz and Yoi . 
19991) implies for all e > and all Borel sets C (e, 00) 



E [X^l 



{i/XJ^eA,} 



]=q( 



Xi-'" € A, 



Now, we first let n go to 00 and then e to zero and obtain 

E [XTl{i/XreA}] = Q (X^,/" G A n (0, 00) 



for all Borel sets A, which again yields (|T3l) . □ 

Remark 3 (Semi-static hedging). Proposition[3]and, in particular, (fT4l) can be interpreted as the ex - 
istence of a semi-stati c hedging st rategy for barrier options in the spirit of iBowie and Can] (|l994|) . 
Carr et all (17998). and lCarr and Le e (2009). 

To see this, consider a QNV process X with a polynomial of the form P{z) = az"^ /L + bz + aL 
and xq > L for some L > and a,b E M. Consider further a down-and-in barrier option with 
barrier L and terminal payoff h^Xx/L) if the barrier is hit by X. For a semi-static hedge, at 
time zero one buys two positions of European claims, the first paying off h (^) 1{Xt<l} ^i^d the 

second paying off h (yY^ ^1{Xt<l}- If the barrier is not hit, both positions have zero price at 
time T. If the barrier is hit, however, one sells the second position and buys instead a third position 
paying off h (^) 1{Xt>l}- The equality in (fT4l) guarantees that these two positions have the same 
price at the hitting time. This strategy is semi-static because it only requires trading at maximally 
two points of time. 

Proposition[3l in particular, contains the well-known case of geometric Brownian motion (a = 
0), where semi-static hedging is always possible. It is an open question to determine more general 
symmetries than the one of Proposition [3l One difficulty here arises from the lack of equivalence 
of the two measures Q and Q. However, it is clear that adding an independent change of time to 
the dynamics of X keeps any existing such symmetry. □ 
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6 Joint replication and hyperinflation 



In this section, we continue with a financial point of view and interpret the probability measure Q 
as the unique risk-neutral measure, under which the stopped QNV process X denotes the price of 
an asset, say, the price of a Euro in Dollars. The probability measure Q, introduced Section |4]can 
then be interpreted as the unique risk-neutral probability measure of a European investor who uses 
the price of a Euro as a numeraire. To emphasize this point we shall use from now on the notation 
:= O and := O. 



Li lCarr et al.l(|2012|) . we suggest to use a novel pricing operator for contingent claims to restore 
put-call parity, even in the case if the underlying is a strict local martingale. It is defined as the 
minimal superreplicating cost of a contingent claim under both measures and Q^; observe that 
these two probability measures are not equivalent if X is a strict local martingale. More precisely 
we suggest as a price (denoted here in Dollars) of a contingent claim the minimal amount of 
Dollars to construct an admissible trading strategy with a wealth process that dominates the payoff 
of the claim Q*- and Q^-almost surely. In this section, we shall provide a representation of this 
joint replicating price. 

Formally, we fix a finite time horizon T and assume the canonical path space with X denoting 
the paths. Moreover, we assume a complete market with a bond paying zero interest rate and the 
risky asset X modeling the price of one Euro in Dollars and following the dynamics of a stopped 
QNV process with polynomial P. 

We then describe a contingent claim by a pair D = (D^, D^) of random variables measurable 
with respect to the sigma-algebra generated by X up to time T. Here, the first component of D 
represents the claim's (random) payoff denoted in Dollars at time T as seen under the measure Q* 
and the second its (random) payoff denoted in Euros at time T as seen under the measure Q^. In 
particular, it always holds that = / Xx on the event {0 < Xt < 00} , which corresponds 
exactly to the states of the world that both measures and can "see." 

In the following corollary, where we compute the minimal joint replicating price of such a claim 
D under both and Q^, we denote, by P, the probability measure under which the canonical 
process has the representation X = fiW^) for some Brownian motion W: 

Corollary 2 (Minimal joint replicating price in a QNV model). For the minimal joint replicating 
price p^{D) of a contingent claim D = (D^, D^) under and Q^, we have the identity 

p\D) = [{D%r^sAT}) exp(C(T A S))g%WS)] + XoE^ [{D%,^sat}) exp(C(T A r))g^m 

(15) 

for T, P, C, = g as in Theorem |7] and g^ similarly but corresponding to the stopped QNV 
process X of Proposition^ 



Proof. Theorem 2 in lCarr et al.l (120 12h proves the representation 



By Corollary [U the first term on the right-hand side corresponds to the first term on the right-hand 
side of ([T?] ). For the second term, we observe that X = 1/X is a stopped QNV process for some 
polynomial under by Proposition [2l We thus can conclude by the same line of thought 
using Lemma |4] after observing that r and S change places and that the real number C does not 
change if one transforms X instead of X. □ 
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We emphasize the symmetry of r and S that we relied on in the proof of the corollary. The 
stopping time r is the first time f(W) hits infinity and fiW) = 1/ f{W) hits zero and the stopping 
time S satisfies the converse statement. 

We also remark that the probability measure P can be interpreted as a physical measure, under 
which hyperinflations occur with positive probability. Thus, fiW^) can be used to model an ex- 
change rate that allows (under P) for hyperinflations in either Euros or Dollars; then, represents 
the minimal replicating cost (in Dollars) for a claim that pays Dollars if no hyperinflation of 
the Dollar occurs and that pays Euros if the Dollar hyperinflates, corresponding to the Dollar 



price o f a Euro being infinity. For a deeper discussion on this interpretation, we refer to lCarr et al 



( 2012 ). 



The expression in (fT5l ) symbolically reduces to 



p\D)=''E^ DexpiC{T as AT))g\W^ 



(16) 



where D = = ■ f{Wf^^) and all multiplications of with oo are interpreted in the sense 
of (fTSl ); see also Lemma IH 

As a brief illustration of the last corollary, let us consider the minimal joint replicating price of 
one Euro in Dollars, to wit, D = (Xt, 1). From (fT5l) we obtain 

p\D) = [exp(C(T AS At)) ((/(W^^^^)1{.>5at}) g'iWp') + xol{r<SAT}9^iW^'''))] 
= XoEF [exp(C(r AS At)) (1|.>5at}^?^(W^^^'') + MrKSAng^iW}""'))] 
= XoEF [exp(C(T ASA r))/(iy^^^)] = xq, 

where we have used the representation = fg^/xo of Lemma HI Thus, the minimal replicating 
cost for one Euro is exactly xq Dollars, exactly what we hoped for. We remark that the symbolic 
representation of (fT6l) with D = f{Wf^^) directly yields the same statement, too. 



A Follmer's measure 

In this appendix, we pres ent a resul t that fo llows directly from a slightly more general formulation 



in our companion paper iCarr et al.l (|2012|) . For any nonnegative continuous local martingale X, 
the theorem yields the existence of a new probability measure Q, which can be interpreted as the 
measure corresponding to a change of numeraire. For example, if X represents the price of Euros 
in Dollars and if Q is a risk-neutral measure for prices denoted in Dollars, then Q corresponds to 
the measure under which asset prices denoted in Euros (instead of Dollars) follow local martingale 
dynamics. We remind the reader that we defined oo ■ 1a{^) = Oifco ^ A for any A E J-'. 

Theorem 3 (Generalized change of measure). Let X be a nonnegative Q-local martingale. Fix 
T > and consider the filtered probability space {Q, T , F, Q) with f2 the set of paths Zj : [0, T] — )■ 
[0, oo] getting absorbed when hitting either zero or infinity, T = cr({a3 G ^}), F the right- 
continuous modification of the filtration generated by the canonical process, and Q the probability 
measure induced by the embedding u E Q ^ X (u) E Q. 
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Then, there exists a unique probability measure Q on (O, J^) with corresponding expectation 
operator ^P-, such that 

Xq 

for any T-measurable random variable H G [0, oo], where we denote, with a slight misuse of 
notation, the canonical process on VL again by X. 

Furthermore, 1/X is a Q-local martingale and X is a strict Q-local martingale if and only if 
Q{Xt = oo) > 0. 

It is important to point out that if X is a strict local martingale or has positive probability to 
hit zero then the constructed probability measure Q and the original probability measure Q are not 
equivalent. 
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